In this work, we investigate the electronic transport properties of curved two-dimensional quantum systems with a position-dependent mass (PDM). We find the Schrödinger equation for a general surface following the da Costa approach, obtaining the geometrical potential for systems with PDM. We obtain expressions for the transmittance and reflectance for a general surface of revolution and, as a first application of the general results obtained here, we investigate the transport properties of deformed nanotubes whose variation of the effective mass with the radius has been disconsidered in previous studies. We find that the inclusion of the position-dependent mass, can induce a significant correction in the transport properties of the system. This reveals that the transport properties of two-dimensional quantum systems are sensitive to the PDM and that, when modeling electronic transport in surfaces, this effects should be considered.
Introduction
The investigation of curved two-dimensional quantum systems is an important and interesting branch of condensed matter physics. This fact has support on the ability of building non-planar quasi-two-dimensional substrates in desired shapes [1, 2] . Therefore, from the theoretical point of view, tools from differential geometry play an important role in the study of these systems. For instance, in reference [3] , it is argued that surface curvature could provide the creation of p-n junctions. This way, the geometric control of local electronic properties in carbon nanoribbons and bilayer graphene sheets can be realized. Reflectionless transmission of a quantum particle across the catenoid (two-dimensional wormhole geometry) is predicted in [4] . Geometry can also induce a reminiscent of the Hall effect [5] . Related important investigations can also be found in the literature, for instance: the quantum Hall effect near conical singularities [6] and investigations taking into account the Pauli equation for a charged spin particle on a curved surface with externally applied fields [7, 8] . Recent developments can also be found in [9, 10, 11, 12, 13, 14, 15, 16, 17] .
One important ingredient present in the study of charge carriers in lowdimensional semiconductors is the effective-mass approach [18] . More recently, the interest in the study of the dynamics of a quantum particle with a position-dependent effective mass has grown since semiconductors with varying composition can be realized [19] . A number of systems where variable mass plays an important role has been reported in the literature. A few examples are: diffusion of particles with variable mass [20] ; surface states of a one-dimensional semi-infinite crystal [21] and scattering states of a quantum system in the presence of a Heaviside position-dependent mass jump [22] . Furthermore, a wide class of position-dependent mass oscillators and the corresponding coherent states is presented in reference [23] and, in [24] , it is addressed the analysis of the influence of the delta-function well in systems with mass jumps.
Even though the position-dependent mass (PDM) has been widely considered, it has been neglected in various studies of two-dimensional curved quantum systems. In particular, it is well-know that the effective mass of the charge carriers in nanotubes depends, for instance, on the radius of the nanotube [25] . However, in previous studies of deformed nanotubes, where the radius of the nanotube changes with the position, the effective mass was considered constant [26, 27] . As described in these references, the curvature introduced by the deformations of the tubes affects the dynamics of charge carriers via the geometric potential introduced by da Costa [28] in 1981.
In this work, we generalize da Costa's formalism [28] for the quantum dynamics of a particle constrained to move on a curved surface, to include a position-dependent effective mass. To this aim, we derive the Schrödinger equation for a quantum particle with variable mass constrained to move on a generic curved surface. Using da Costa's thin-layer procedure, which gives rise to a quantum geometric potential [28, 29] , we find that this potential keeps its original form. Nevertheless, the Schrödinger equation has now two extra pieces containing the derivatives of the mass. This way, the combined effects of extrinsic geometry and variable mass introduce novel effects in comparison to the usual da Costa approach with constant mass. To make clear the importance of theses changes, we apply the formalism developed here to the study of charge transport in the same deformed nanotubes studied in Ref.
[27] with a constant effective mass. To do so, we derive a system of coupled differential and algebraic equations for ballistic charged particles moving on a generic surface of revolution, which are solved numerically for the same surfaces studied in Ref. [27] , for the sake of comparison. From the obtained transmittance versus incident energy plots it becomes evident that taking into account the dependence on position of the mass has important consequences. For instance, the transmittance peaks shift to higher energy values while energy gaps become broader. In sum, this work provides an approach to describe two-dimensional quantum particles with position-dependent mass, constrained to move on curved surfaces, which can be used in a wide range of applications, including the design of novel electronic devices, using curvature as a tool. This manuscript is organized as follows. In Section 2, we derive the Schrödinger equation for a spinless particle with variable mass, constrained to move on a generic curved surface, and compare with the case where the mass is constant. In Section 3, we derive expressions for the transmittance and reflectance in terms of the boundary conditions at both ends of a surface of revolution, which forms the deformed section of the nanotube. In section 4, we study the transport properties of deformed nanotubes with a positiondependent mass. The paper is summarized and concluded in Section 5.
2 The da Costa approach with PDM Let us consider a particle with an effective variable mass m * (q 1 , q 2 ) permanently attached to a surface S of parametric equations − → r = − → r (q 1 , q 2 ), where q 1 and q 2 are coordinates on the surface. When the effective mass of the particle depends on position, and therefore is an operator, the usual kinetic energy operator is no longer Hermitian. A number of modifications to this operator has been proposed in order to turn it Hermitian [30] . Among them, a possibility considered by three of us (JRFL, CF and FM) in [30] is to take into account all permutations among the operators in the kinetic energy. To the best of our knowledge, none of those proposals have been subjected to experimental tests. So, to illustrate our point of view that variable mass adds up to curvature influencing the dynamics of quantum particles confined to surfaces, we use the Hamiltonian proposed in [30] . That is,
where ▽ is the del operator and △ is the Laplace operator. Considering H kin ψ = Eψ and using the well known identities,
the Schrödinger equation for a free quantum particle with variable mass can be written in a general way as
Notice that if m * is constant, we have −h 2 2m * △ ψ = Eψ, and we recover the usual Schrödinger equation. As mentioned above, we are interested in the study of quantum particles with variable mass constrained to move on curved surfaces. We follow the da Costa approach [28] in order to derive the general Schrödinger equation when m * depends on the position. It is important to point out that a refinement of the fundamental framework of the thin-layer quantization, considering the surface thickness, has been carried out in [31] . Nevertheless, we will not consider such influence of the surface thickness here since the respective extra terms must be treated using perturbation theory. This said, we consider a quantum particle constrained to move in a thin layer with constant width d, such that the constraint to the curved surface is achieved in the limit d → 0. In curvilinear coordinates (q 1 , q 2 , q 3 ), where q 1 and q 2 are the longitudinal (tangent) coordinates while q 3 is the transverse (normal) one, the Schrödinger equation (3) is written as
Here, G µν are the coefficients of the first fundamental form, with the Greek letters µ, ν = 1, 2, 3 and G = det(G µν ). Following da Costa, we added the potential V λ (q 3 ) which constrains the particle to the thin layer. In order to perform the separation of the longitudinal and transverse parts of the Schrödinger equation, we decompose G µ,ν as
where the Latin letters i, j = 1, 2 and
is the induced metric on the surface. The matrix α is the Weingarten curvature operator [32] . The superscript T denotes the transposed matrix. It follows that the equations
where
is the two-dimensional Laplace-Beltrami operator and where we put
m * ≡ 0, since we are considering that the particle effective mass does not depend on the transversal coordinate q 3 .
Writing the volume element as dV = f (q 1 , q 2 , q 3 ) √ gdq 1 dq 2 dq 3 , where √ gdq 1 dq 2 is the area element of the surface and
suggests the wave function transformation
which allows for the definition of a surface probability density
Equation (6), after substitution of 9 and taking q 3 → 0, becomes
Setting χ = χ t (q 1 , q 2 , t)χ n (q 3 , t), with the subscripts t and n meaning "tangent" and "normal", respectively, we can separate the above equation as follows:
and
The last term on the left-hand side of Eq. (12) is the geometric potential, that we will call da Costa potential,
Tr(α ij )] 2 − det(α ij ) , which can be written as
where M and K are, respectively, the mean and Gaussian curvature of the given surface. Note that the only change in the potential as compared to the constant mass case is that now m * ≡ m * (q 1 , q 2 ). On the other hand, the Schrödinger equation now has two extra pieces which contain derivatives of the effective mass with respect to the particle's position. Da Costa's original Schrödinger equation is recovered when the mass is made constant.
It is important to mention that we are considering here the simplest case for the effective mass, which appears in systems with an isotropic dispersion relation. For systems with non-symmetric energy bands, the term 1/m * must be replaced by the effective mass tensor, which in the diagonalized form is given by
where m 11 , m 22 and m 33 are the principal masses. A study of the influence of an anisotropic effective mass in the transport properties of 2D quantum systems is presented in [33] . Eq. (12) is the Schrödinger equation for a quantum particle confined to a generic surface with a position-dependent mass. In the next section, we will consider the special case of a surface of revolution, obtaining the transmittance and reflectance for these surfaces in terms of the boundary conditions.
Surfaces of Revolution
Let us identify q 2 with the Cartesian coordinate y. The rotation of a planar curve ρ(q 2 ) about the axis y yields a surface of revolution parametrized by
ρ(q 2 ) is therefore the cylindrical radius of the surface at each point.
The first and second fundamental form for surfaces of revolution are given by
respectively. Since the mean and Gaussian curvatures are, respectively,
we have that
With the above results for M and K substituted in Eq. 13, we obtain the da Costa potential for a surface of revolution as
For a surface of revolution, the effective mass does not depend on the angular coordinate ϕ. Therefore, the da Costa potential depends only on the coordinate q 2 . It allows us to use separation of variables in the Schrödinger equation. Then, with the first fundamental form (16) and the potential (22) , it is possible to separate Eq. (12) into
where Φ(ϕ) and Υ(q 2 ) are the angular and axial eigenfunctions, respectively, A is the separation constant,
If the mass is constant we retrieve the equations in [26] . Recalling that Eq. (24) is of the form
by making Ψ(y) = φ(y)λ(y), we get
Now, with
and λ
we have
with λ(y) given by the solution of Eq. (29):
where P (y) is the primitive for the function V 1 (y), such that P ′ (y) = V 1 (y). With this, W = − 
We are interested in understanding the effective mass effect in the transmittance and reflectance of incident electrons in a surface of revolution with length L and a specific ρ(y). We consider the injection of electrons of energy E k coming from the negative part of the y-axis. Thus, we have
are the incident and transmitted electron wavectors, respectively. Notice that V 1 (y) = 0 for y not in the range 0 < y < L, which makes Eqs. (27) and (33) identical. So, Eq. (34) is also valid for φ(y) and then Ψ(0) = φ(0) as well as Ψ(L) = φ(L). As we will see bellow, this implies that the reflectance and transmittance do not depend on λ(y) and can be obtained from φ(y) directly. We choose the normalization of the incident wavefunction such that a 0 = 1. Also, considering only outgoing waves in the y ≥ 0 region, we have a L = 0. These are the Robin boundary conditions for the problem [26, 27] . For the above normalization, the transmittance and reflectance may be obtained from the probability current density
such that the incident current is
the reflected current is
and the transmitted current
all in absolute values.
This way, the transmittance is
and the reflectance,
In terms of the wavefunction, the boundary conditions a 0 = 1 and a L = 0 are
since Ψ(y) = φ(y) in y = 0 and y = L. From (34) we also have that
It folows that
Then, the problem reduces to finding φ(0) and φ(L), which is done by solving the coupled differential and algebraic equations (33), (43) and (44) in the range 0 ≤ y ≤ L. This is the essence of the open boundary condition method for solving ordinary differential equations with Robin boundary conditions, i.e., the specification of a linear combination of the values of a function and the values of its derivative on the boundary of the domain. As a first application for the above results, in the next section we will investigate the transport properties of deformed nanotubes with a position dependent mass.
Deformed Nanotubes
Let us now obtain the transport properties of deformed nanotubes. We will consider corrugated nanotubes, with the corrugation generated by the curve
where r is the initial radius of the nanotube, ǫ is a parameter that gives the strength of the increase (for positive values) or decrease (for negative values) of the radius of the nanotube, L is the length of the corrugated region and n gives the number of corrugations. This problem was recently addressed both for corrugations in the plane [34] and in nanotubes [27] , but the variation of the effective mass with the position was neglected. We will consider the empirical dependence of the effective mass with the radius of the nanotube that was obtained in Ref. [25] for carbon nanotubes
where m e is the mass of free electrons, d is the diameter of the nanotube, γ 0 = 2.44eV is the overlap energy and a cc is the first neighbor distance between the carbon atoms. θ is the chiral angle and gives the type of the carbon nanotube. We will consider θ = 0, which means a metallic zigzag carbon nanotube. It is important to mention that in order to input the energy in meV and distances in nm we use a mixed units system where the electron mass is m e = 5.68 × 10 −27 meV.s 2 /nm 2 and Planck's constant is h = 6.58 × 10 −13 meV.s. We implemented a MAPLE code to solve recursively the mixed set of differential and algebraic equations (33) , (43) and (44) and find, for each injection energy, φ(0) and φ(L) and, consequently, the transmittance and the reflectance as specified by Eqs. (47) and (48), respectively. The results are in Figs. 1 to 4 , where we consider the constant (continuum lines) and variable (dashed dotted lines) mass cases in order to analyze the effects of the position depend mass in the transport properties of the deformed nanotubes. For all cases considered here, r in Eq. (49) is equal to 5 nm. In the constant mass case, we consider that the mass does not change in the deformation, which means to consider the effective mass of a nanotube with ǫ = 0 in Eq. (49). The effective mass for this case can be seen in Table 1 , where we define the parameter ζ = m * /m e , which gives the strength of the modification of the effective mass compared to the mass of free electrons.
In Fig. 1 we consider that the deformation of the nanotube is given by one bump, as shown in Fig. 1 (a) . The values of ζ in the middle of each bump considered can be found in Table 1 . As was already discussed here, the PDM does not modify the form of the geometric potential, only its intensity. In fact, the potential is inversely proportional to the effective mass. Since an increase of the radius of the nanotube induces a decrease in the effective mass, as can be seen in Table 1 , the variable mass case will have a deeper geometrical potential in comparison with the constant mass case. This is shown in Fig. 1 (b) . It is possible to note that, as the value of ǫ increases, which means a higher bump, the inclusion of the PDM becomes more important. This can be seen clearly in Fig. 1 (c) . One can see that the PDM alters the values of energy where the resonant peaks in the transmittance occur, revealing the importance of considering the PDM in the transport properties of the system. It is important to remember that the PDM introduces two extra terms in the Hamiltonian, besides its modification of the geometrical potential.
In Fig. 2 we consider a nanotube with more than one bump. For a single small (e.g., ǫ = 0.2) bump there is not much difference between the constant and variable mass cases, as can be seen in the blue lines in Fig.  1 . However, as the number of bumps increases, the influence of the PDM becomes more and more important. In fact, increasing the number of bumps, the geometric potential tends to a Dirac comb, as can be seen in Fig. 2 (b) . As a consequence, energy gaps appear in the energy spectrum. These energy gaps become better defined as the number of bumps increases. The inclusion of the PDM corrects the width of the energy gap and its location in the energy spectrum, as shown in Fig. 2 (c) . In fact, the energy gap for the variable mass case is larger as compared with the constant mass case. It reveals that, in order to use curvature to design nanotube-based electronic devices, the PDM must be considered.
The case of a pinched nanotube is considered in Fig. 3 . In contrast with the case of a bump, as the radius of the nanotube decreases, the effective mass increases, which induces a shallower geometrical potential as compared with the constant mass case. As in the case of bumps, the PDM becomes more relevant as the value of ǫ decreases, which means a deeper deformation, as can be seen in Fig. 3 . Increasing the number of depressions is almost the same as increasing the number of bumps, except for the ends of the deformed tube as can be seen in Fig. 4 . This has the effect of inverting the shifts observed in Fig. 2 . As in the bump cases, one can note in Fig. 3 (c) and Fig. 4 (c) that the PDM corrects the location of the resonant peaks of the transmittance and the width of the energy gap, respectively. Furthermore, the inclusion of the PDM induces a shorter energy gap.
There is also another important result to be pointed out. In Ref. [27] , where the deformed nanotubes considered here were investigated without considering the PDM, was concluded that the pinched nanotubes induce a deeper geometrical potential compared with the nanotubes with bumps. However, as can be seen in our results, the inclusion of the PDM reveals that the opposite occurs. So, in order to induce a deeper geometrical potential, instead of creating a pinched nanotube, as was concluded in Ref. [27] , one should include bumps.
Concluding Remarks
We investigated the influence of the position dependent mass in the transport properties of curved two-dimensional quantum systems. Following the da Costa approach, we obtained the Schrödinger equation for quantum particles confined to a general surface with a PDM. We verified that the PDM introduces two extra terms in the Hamiltonian and that it does not modify the form of the geometrical potential, but changes its intensity. We found expressions for the transmittance and reflectance for a general surface of revolution, which can be obtained by solving a mixed set of differential and algebraic equations. As a first example of the general results obtained here, we investigate corrugated nanotubes. We verified that, even for a small deformation, as the number of corrugations increases the inclusion of the PDM becomes very relevant. In fact, the PDM corrects the location of the resonant peaks in the transmittance and the width of the energy gap. Also, we showed that neglecting the variation of the effective mass can lead to wrong conclusions about the transport properties in corrugated nanotubes. Then, we can conclude that the PDM plays an important role in the transport properties of two-dimensional quantum systems. Also, for future applications of curvature in the design of nanotube-based electronic devices, one might think of modeling nanotubes with desired specific properties with suitable choice of 
